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Yet the function f(x) which is derived from these two one-valued functions by Hadamard's process is the two-valued function (6) which exists over the entire plane of x.
I have dwelt at some length upon Hadamard's theorem and its 3onsequences because of their evident interest and importance. It ;s worthy of note that for analytic functions defined by power series the first great advance in the determination of the singu-arities over their entire domain has been made by methods that ire roughly parallel to those currently employed in the considera-ion of their convergence. The convergence of series is indeed ;oo difficult a question to be settled by any one rule or by any inite set of rules, but the methods of comparison with series known ;o be convergent have been found to be not only most efficient )ut also adequate for most practical purposes. In somewhat similar fashion Hadamard's theorem will determine the singular >oints of numerous functions by linking them with other series, >f which the singularities are known.
One of the simplest applications of this theorem is obtained by jompounding a given series
vith itself once, twice, • • •, to m times.    All the singularities of he resulting series
aj + a{x + a
., m),
ixcept possibly x = 0 and x = oo, are included among the points btained by multiplying i affixes of the singular points of (7) mong themselves in all possible ways. If the m series (8) are aultiplied each by a constant k. and are then added, a new series
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3 obtained, in which G(u) denotes the polynomial fyu + • — h
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* Obvious!ous cases, not what the singular points of f(x) may be, but what they actually are. A detailed study of the nature of the dependence of the singularity 7^ upon a. and fy would probably be both interesting and profitable. Sorel examines the case in which a. and /3j are poles of any orders, p and q, and shows that y.j is then a pole of order p + q — 1. It can, furthermore, be easily shown that whenever a. is a pole of the first order, 7^ is the same kind of singular pointthe work of Laguerre would have had an exact parallel for real values of x. Cf. No. 47 of the bibliography. that it presupposes a knowledge of the function sought, for example, that lim f(x) — a0, when x = 0. As a matter of fact the properties are often unknown. See in this connection p. 89 of these lectures.                                    &                         /
